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[571 ABSTRACT

New methods of manipulating topological regions and prop-
erties have been discovered. These novel methods simplify
complex spatial design problems. In some cases. the meth-
ods provide solutions or outputs where prior techniques fail
entirely. Prior methods of reasoning about relations in two-
dimensional space require computation with exact geometry
even when only topological answers are required. For
example, computing which sets of two-dimensional regions
have simultaneous intersections would require explicitly
constructing these intersections. These techniques become
unnecessarily complex when regions have complex shapes.
The present invention includes methods where topological
properties of a set of regions in two-dimensional space can
be manipulated by applications of topological computations.
Two classes of these methods select and determine maximal
and minimal simultaneous region intersections. A third
method class produces sets of geometrical minimal paths
satisfying a particular rule base through predetermined topo-
logical regions. The newly devised methods are much sim-
pler and more robust than geometric methods as they do not
require the exact shapes of regions to be completely known.
In addition, the newly devised methods do not incur a
penalty for complex curved shapes such as may occur in
nature.

36 Claims, 20 Drawing Sheets

Function order{P,T) Function eliminate(P,T,0)

for all p € P do label(p) « {} C e« {}
J « I[P} For j « 1 to ¢ do
repeat begin

p <« pair € P with the p « oii)

lexicographically highest labe: ¢ « (r |{3 x € P) three-adj(x,p,T) A (I € x)}

a(j) « P if there does not exist d € € such that d o ¢
P&« P-p
for all x in P do ceC+c

begin T« T- {tlt Dp}

if three-adj (x,p,T) then end

. return C
label {x) « label(x) v {3}

end

Jei-1
until P is empty

return ©
end
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Function order (P,T)
for all p € P do label(p) « {}
j « IP|
repeat
p « pair € P with the
lexicographically highest label
c(j) « p
P« P-p
for all x in P do
begin
if three-adj(x,p,T) then
label (x) « labeli(x) v {J}
end
i« 3 -1
until P is empty
return o©
end

Figure 1
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Function three-adj(x,y,T)
bits « x U ¥y

when every subset {X;X;X; < bits} € T then
return true else return false
end

Function lex-greater (11l 12)

while (first(l11) = first(1l2)) and
(11 = {}) and (12 # (}) do
begin
1l « rest(ll)
12 « rest(l2)
gnd
if 11 # {} then
if 12 = {} then
if (first(1ll) > first(12)) then return(true)
else return(false)
else
return{true)
else
return{false)

Figure 2
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Function eliminate{P,T, o)

C « {}

For j « 1 to o do
begin
p « o(3)

c « {r | (3 x € P) three-adj(x,p,T) A (r € X)}
if there does not exist d € C such that d o ¢
C« C+ec

T« T - {tlt Dp}
end
return C

Figure 3
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function min-candidates (M)
cands « {}
Ml « M
while M1 # {} do
begin
M2 ¢« rest(Ml)
while M2 # {} do
begin
M3 ¢« rest (M2)
while M3 # (} do
begin
c « first(M1) n first(M2) n first(M3)
if not member (c,cands) then
cands « cands U C
end
end

end
return cands

Figure 4
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function components (X,Y,M)

parts « {}
firstpart « (1}
while Y # (} do

begin
repeat
new <« {1}
for all y € Y do

begin
if 3 p € firstpart such that
intersects?(X v (y,p},M) then

begin

new < new U y
Y« Y-y

end

end
firstpart « firstpart v new
until new = {}
parts « parts U firstpart

firstpart « {}
end
return length(parts)

Figure 5
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Function order2(P,T)

j « 1P|
for all p € P do
begin
p-label(p) « {}
s-label(p) <« {1}
end
repeat

p ¢ pair in P with the lexicographically
highest p-label, where ties are broken in
favor of the highest s—label.

PeP-p
c(j) « p
for all x in P do
begin
if three-adj(x,p,T) then
begin
p-label (x) ¢ p-label(x} v {j}
U « all regions involved in x or p
N « ()}
for all pairs u,v € U do
begin
if 6"V ((u,v)) 2 j then N « N v o' ((u,v))
end
if |N|] + 2 = |U]| - (lU[-1)/2 then
begin
for all n o N do
begin
s-label (x}) <« s-label(x}) U n
end
end
end
end
j <~ 3 -1
until P is empty
return ©

end

Figure 7
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function iterative-euler (X,Y,M,0c)
X « an arbitrary region in X
sort y € Y according to o'™'! of edges y-x
sum « 1
while Y # {} do
begin
f « first(Y)
Y « rest(Y)
sum <« sum + components(X v {f},¥Y,M) - 1
‘ end
return sum

Figure 8
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Figure 9
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function min-candidates2 (M)

cands <« {1}
Ml « M
while M1 # {} do
begin
M2 <« rest (M1)
while M2 # {} do
begin
c2 ¢« first(M1) ~ first (M2)
if not member (c2,cands) then
cands « cands v c2

M3 « rest (M2)
while M3 # {} do
begin
c3 « c2 n first (M3)
if not member (c3,cands) then
cands « cands v c3
end
end

end
return cands

Figure 10
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function path-places{C,M,q)
places « {}
for all ¢ € C do
begin
o « overlapi(c,M)
comp ¢ components(c,o0,M)
euler ¢« euler{c,o,M,0)
f (comp # 1) or (euler + comp - 1 # 0) then

places <« places U C
end
return places

Figure 11
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Figure 14
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f1 f3

Figure 15
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—> = minimail place
<> = place

Figure 16
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Table 1. Execution trace of a function order on the example.

Order | Edge |3-adjacent edges
16 a-b a-x,b-x,a-y,b-y,x-y
15 a-x a-b,a-c,a-y,b-x,b-y,c-X,C-y, X~y
14 b-x a-b,b-c,b-e,a-x,a-y,b-y,c-x,x-y,e-X,c-y,c-€
13 a-y a-b,a-c,a-x,b-y,c-y,x-y,b-x,c-x
12 b-y a-b b-c b-x,a-y,c-y,X-y,a-X,c-X
11 X-y a-b,a-c,b-c,a-x,b-x,c-x,a-y,b-y,c-y
10 c-X a-c,b-c,c-d,c-e,a-x,b-x,d-x,e-x,a-y,b-y,c-y,x-y,b-e
9 c-y a-c,b-c,c-x,a-y,b-y,x-y,a-x,b-x
8 a-C a-x,a-y,c-X,C-y,X-y
7 b-¢ b-x,¢-X,b-y,c-y,X-y
6 e-X b-c,b-e,b-x,c-¢,c-x,d-¢,d-x
5 c-e b-c,b-e,b-x,c-x,e-X
4 b-¢ b-c,b-x,c-e,c-x,e-X
3 d-x c~-d,c-x,d-e,e-x
2 c-d c-x,d-x
1 d-e d-x,e-x

5,784,540

Figure 17
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Table 2. Execution trace of function el iminate on the example, using the ordenng

produced by function order.
Order Edge 3-adjacent edges 3-clique eliminated triples
1 d-e d-x,e-x {d,ex} * d-e-x
2 c-d c-x,d-x {cdx}* c-d-x
3 d-x {c=d} fe-x}.{d-e} fe-x} {d.x} -
4 b-e b-c,b-x,c-¢,c-x,e-X {b,c.ex}* b-e-x,b-c-¢
5 c-e {b-e},{b-e} {b-x} c-x,e-x {cex} c-e-X
6 e-x {b-¢}, {b-e} tbx}.{c- {ex} -
7 b-c b-x,c-x,b-y,c-y,x-y {bexy}* b-c-x, b-c-y
8 a-c a-X,a-y,Cc-X,C-y X~y {acxy}* a-c-x, a-Cc-y
9 c-y {a-c}.{bc} cxfay}4b- | {cxy} C-X-y
y'}:x'y’{a_x-}’{'b*}
10 c-x {a=c}{b-c}.{c-d}.{c-e} ta- | {cx} -
=}, {b-x},{d=x}, {ex} {o-
v} tovhicyl teyh.{be)
11 X-y a-b,{a-c}, Lb_nl axb-x{c | {abxy}* a-x-y, b-x-y
,a-y,b-y,
12 by a-b Lb.LL{b-*Jr a-y,{c- {a,by} a-b-y
&uﬁcﬂd&l
13 a-y +a-b} la.sl {e-x},(b- {a,y} -
14 b-x a-b ih.cl,!.b_cl a-&la.xl, {a,bx} a-b-x
{b-y} {c-x} {x-y} {ex} {c-
y)ie-e}
15 a-x {a-b},{a-c} {a-y} . \xout{b- | {ax} -
x},{b-y}.{c-x}, (-},
16 a-b {a=x}, {b-x} {a-y}.{b-y} | {ab} -

Figure 18
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Table 3. Candidates for minimal intersections and their characteristics. Actual minimal
intersections are x and xy.

s

Candidate Components | Euler
{a} 1
{a,b} -1
{211} -1
{a.f2} -1
{a.x} -1
{ax.y} -1
{} 2
{b.cx} -2
{b.e} -1
{b.f1} -1
{b,f3} -1
{b,f4} 2
{bx} 0
{bx.y} -1
{c.x} -2
{cx.y} -1
{d} 1
{d.e} -1
{d.f2} -1
{453} 1
{dx} -2
{e} 1
{e.f3} -1
{ex} -1
1 0
{f2} 0
{f3} 0
{x} 3
{xf2} -2
{xy} 1
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Table 4. Trace of Function i terative—-euler on the minimal candidate X

Step | Y sum | Components
1. {d,e,c,y,b,a} 1 2
2. {e,c,y,b,a} 2 1
3. {c,y,b,al 2 1
4. {y,b,a} 2 1
5. {b,a} 2 1
5. {a} 1 0

Figure 20
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SYSTEMS FOR SOLVING SPATIAL
REASONING PROBLEMS VIA
TOPOLOGICAL INFERENCE

BACKGROUND OF THE INVENTION

1. Field

This invention is generally concerned with manipulation
of spatial regions and paths and with manipulation and
transformation of data related to spatial regions and paths,
the manipulations being based on physical properties of the
regions and their relations with properties of nearby regions
in a field of regard. It is further specifically concerned with
methods of manipulation of such regions and paths, and data
relating thereto, based on topological inference with respect
to all regions in a space.

2. Background

Spatial planning problems are generally solved by tech-
niques which strongly rely on detailed geometric models.
Such techniques tend to be cumbersome with respect to
computing. Detailed geometric models tend to be based
upon a grid having many thousands of points. A point-by-
point analysis or manipulation may become time consuming
and complex. Sometimes certain problems may not be
addressed this way as it may be impossible to generate a
sufficient model. Problems having complex geometries or
geometries which are dynamic in time are examples of those
which may not work well with the techniques.

For some classes of problems, it is not a requirement that
a detailed geometric model be formed. Instead. these prob-
lems may be addressed by techniques which rely on topo-
logical inference. For example, if a rule base requires that
certain regions do not overlap, the exact geometries of the
regions is unimportant. Consideration should only be given
to the fact that they do not contain any common area.
Although this type of problem is typically addressed by
common geometric techniques, those techniques may be
overly complex. The present invention relates to techniques
of topological inference. There is no requirement for the
complex geometry of any regions of interest to be known or
defined as models.

SUMMARY OF THE INVENTION

This invention includes systems for determining topologi-
cal properties of sets of regions in two-dimensional spaces
and providing for manipulation of regions and paths within
that space. This invention displays considerable novelty in
the fact that the methods use purely topological properties of
spatial regions and do not require geometric computation.
Known methods which may be employed to engage similar
problems generally rely on complex geometrical computa-
tions. Consequently, systems of the present invention avoid
problems arising from numerical instability. representing
complex geometries, and complex implementation normally
associated with geometrical computation. The invention
comprises systems for determining spatial manipulations
and properties for at least the following three topological
situations, among others:

1) maximal intersections The system determines all maxi-
mal sets of regions with a common intersection; an arbitrary
set of regions has a common intersection if and only if it is
a subset of one of these maximal sets

2) minimal intersections Given a fixed universe of
regions, the system determines all minimal sets of regions
such that there exists a point falling only in these regions and
no others within the universe. For an arbitrary set of regions.
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there exists a point outside all of them if and only if there is
a minimal intersection which is disjoint from it.

3) minimal skeleton Given a fixed universe of regions or
a field of regard. the method computes a graph which models
all minimal topological paths through the space.

As input, the systems require hypergraph data whose
contents are comprised of physical attributes of regions of
interest; specifically a hypergraph whose nodes are the
regions, edges are pairwise intersections. and hyperedges are
all sets of region triples which have a common intersection.

Systems make the following assumptions: firstly, that
regions are compact and simply connected; and secondly
that any overlap of a pair of regions is a single connected
region.

OBJECTIVES OF THE INVENTION

It is a first object of the invention to provide systems
based on topological inference.

It is an object of the invention to provide systems of
manipulating spatial regions and paths in accordance with
topological inference techniques.

1t is a further object of the invention to provide systems
of determining preferred regions and paths with respect to a
predetermined rule base.

It is still further an object of the invention to provide
systems of determining which sets of regions may have a
preferred characteristic according to a rule base.

It is still further an object of the invention to provide
systems of determining a preferred terrain use in accordance
with a predetermined rule base.

It is still further an object of the invention to provide
systems of determining a preferred frequency allocation
scheme for a mobile radio network.

It is still further an object of the invention to provide
systems of determining a preferred assembly procedure in
accordance with an assembly rule base.

A better understanding can be had with reference to the
detailed description of Preferred Embodiments and with
reference to the appended drawings. These embodiments
represent particular ways to realize the invention and are not
inclusive of all ways possible. Therefore, there may exist
embodiments that do not deviate from the spirit and scope of
this disclosure as set forth by the claims, but do not appear
here as specific examples. It will be appreciated that a great
plurality of alternate versions are possible.

BRIEF DESCRIPTION OF THE DRAWING
FIGURES

These and other features, aspects. and advantages of the
present invention will become better understood with regard
to the following description, appended claims and drawings
where:

FIG. 1 is a routine used for computing an ordering ¢ of
a set of edges P according to a set of hyperedges T;

FIG. 2 shows functions three-adj and lex-greater for
deciding adjacency of hypergraph edges and for determining
the lexicographic ordering of labels of two edges;

FIG. 3 is a function to find all maximal three-cliques using
a reverse elimination procedure;

FIG. 4 is an example of a function which generates all
candidates for minimal intersections;

FIG. § Is an example of a procedure for computing the
number of components in the regions overlapping a set X;
















































